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1. INTRODUCTION
Our aim is to show the existence of patterns for the following problem

up = %Au—i— flu)in Q.

)\%% = g(u) on 0,

(1)

where Q. = QU R, (see Figure 1), Q = QF U QfF with QF, QFf ¢ RV domains, R, is a

channel that connects QF and QF, % is the diffusion coefficient, f and g are nonlinear
2

functions that satisfy certain dissipativeness properties and A§ is the second eigenvalue for
the problem

—Au  =Au in €
g—z =0 on 09..

(2)

H. Matano [10] in 1979 shows an important result on existence of patterns for reaction-
diffusion problems with homogeneous Neumann boundary conditions

w =Au+k f(u) in D
% =0 on 0D,

3)

where D is a nonconvex domain. In this direction other results were obtained later by the
others authors like J. K. Hale and J. Vegas [7], S. Jimbo [9], etc.
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326 ALEXANDRE N. CARVALHO AND GERMAN LOZADA-CRUZ

FIG. 1. Domain Q.

N. Consul and J. Sola-Morales [6] in 1995 extended Matano’s results proving the existence
of stable nonconstant stable equilibria for diffusion equations with nonlinear boundary
conditions

uy = Au in D 4)
% =k f(u) on OD.

The problem (4) is also a model of reaction-diffusion like the problem (3), but the reaction
happens only in the boundary of the domain, for example the presence of solid catalyzer.

Denoting by A;, k = 1,2, ... the eigenvalues of (2), the first eigenvalue A{ = 0, the second
eigenvalue A5 go to zero when e — 0 and third eigenvalue is bounded away from zero for e
sufficient small. Thus we conclude that the first eigenvalue pf of

6 Ou _ (5)
Tg% =0 on 896,

{/\‘S;Au =pu in €,
is zero, the second eigenvalue p5 = d and puj, — +ocase — 0,k €N, k > 3.

With this we intuitively guess that the system (1) should approach a system of two
couple ordinary differential equations.

We show that if f and g¢ satisfy f(u)u < 0, g(u)(u) < 0 when |u| is large then, the
problem (1) has a stable nonconstant equilibrium for e and § sufficient small. This will be
shown using invariant manifold theorem.

This paper is organized as follows. In section 2 we study the eigenvalue problem (2),
showing the convergence of eigenvalues and eigenfunctions. In section 3 we present problem
(1) and determine the system couple of ordinary differential equations that approach (1).
Also, we show that the dynamics of this system is equivalent to dynamics of the system (1),
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PATTERNS IN PARABOLIC PROBLEMS 327

here we use invariant manifold theorem and the results of the section 2. In section 4 we
present the patterns for specific functions f and g with ¢ sufficient small.

2. EIGENVALUE PROBLEM

There are several works where eigenvalue problems for the Laplacian on varying domains
are studied, for example: [1, 3, 7, 9, 11] etc.

Consider Qf and Qff domains in RN, N > 2 with Qf N QF = 0. Put R, = {(ex, e"y) :
(z,y) € Ri} C R x RV=1 where n > 0, R; is a channel that connects Qf and Qf. Let
Qe = QF UR. UQE (see Figure 1) where 0 < € < ¢y with €9 > 0. Denote Q = QF U Q.

Consider the eigenvalue problem (2).

THEOREM 2.1. (Convergence of Eigenvalues)

())A§ — 0, when e — 0
(19)A§ — 0, when e — 0
(#41)0 is not accumulation point of {A§:0 < e < e€g}.

Proof.

(1) Tt is easy see that

0 € __
)\1 1 —

$1

o
|
2

!
5,
I
2
I
¥

(79) Now, we study the second eigenvalue A§ of (2). Here we use the idea of Carvalho
and Pereira in [2]. First we exhibit a test function ¢ € H(Q.) N C(£) that only depend
of x,

g in QF

¢ = ( linear in R, (6)
€ : R
5 in Qf,

where c{, ¢{ are solutions of
Jo, =0 (7)
Iz = 1.

The system (7) is equivalent to the following system

10+ [, o + 510 ~0 o
(€216 + [, (¥)* + (5)*IQF] = 1.
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328 ALEXANDRE N. CARVALHO AND GERMAN LOZADA-CRUZ

Observe that [, ¢° — 0 when € — 0, also [, (¢°)*> — 0 when ¢ — 0. Since |Q§] and

|QF| are real nonnegative real numbers, the second equation of (8) follow that c§ and c§
are bounded in R. Thus, there is a subsequence, denoted by ¢{ and c§, that converges for
&} and ¢ respectively. The first equation of (8) we see that c§ and c§ have opposite sign,
for uniqueness of the limit we consider c¢{ with negative signal. Thus we have that the
system (8) has a limit system given by

{cmoﬂ + o] =0 o

(€)?QF] + (2)?10F] =1.

. or o [ o]
— = 10
C=Viazar =\ R (10)

where |Q| = |QF| + |QF|. With this we have the following function

0 iy OL
0 = c1, in Qg

2= .
A, in QF.

Solving (9) we have

Obviously
/Q @5 =0 and [[@5]|L2(0) = 1.

In fact 9 is the eigenfunction associated to 9.

Now by the min-max principle we have

3 < [ vesP= [ 1vesp
Q. Re

c§ —Cl o
< (=—= 1
< (2 >/R

€

< Coe"™mDT1 (12)

where Cy = %, M = max{Cy,C2} with C;, Cy upper bounds for ¢§ and c§ respec-
tively.
From (11) follows that A§ — 0 where e — 0 for n > .

(#41) Now, let A§ the third eigenvalue of (2) and ¢ an associated normalized eigenfunc-
tion. The eigenfunction ¢f satisfy

Jo, ¥5=0
Jo, 505 =0 (13)
lesllz) =1,

where ¢§ is an eigenfunction associated to A§.
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Now we show that 0 is not accumulation point of {A§

lim iélf A5 > 0.

329

:0 < € < e}, that is

(14)

In fact, suppose that (14) is not satisfy, thus there is a sequence {¢;}32; with ¢; — 0 as

j — oo such that

lim Ay =0,

j—o0

then

/ VoS P < / V5 2 = A5 05 12 = S

J
The last inequality follows that
/ |V |> — 0, when
QO

By the same reasoning

/QR Vs |> — 0, when

0

From (15) and (16) it follows that
: L
e c1, in Qg
LI {CQ, in Q(I){,

where ¢; and co satisfy the follow system

| |+ 2 |
Q|+ c2cd| Q|
(1)1 1+ (c2)?1]

=0
=0
=1

(16)

(17)

(18)

But the system is incompatible, e.g., do not exist ¢1, co that satisfy (18). Thus we have a

contradiction. Therefore (14) is valid.

THEOREM 2.2. (Convergence of Eigenfunctions)

(i)S — 9 in H*(Q) when e — 0, k > 1
(i1)p5 — <p8 in L?(Q) when € — 0
(iii)ps — ¢y in H'(Q), H?*(2) when e — 0

Proof.
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330 ALEXANDRE N. CARVALHO AND GERMAN LOZADA-CRUZ

(i) Observe that ¢§ = \Qll + and ¢ = \Qlﬁ are the corresponding eigenfunctions of
el 2 2
XS =20 =0.
It is clear that o — ¢ in H*(Q) for all integer k > 0.
(i) Let A§ be the second eigenvalue of (2) and ¢§ a corresponding normalized eigen-
function. The eigenfunction ¢§ satisfy the following conditions

{fﬂe ) =0 (19)

||<P§HL2(Q() =1

From (19)

IA
5

< (IReD?l¢5l2c00)- (20)
From (19) it follows that
/QDSHOQ /cpgao when € — 0. (21)
Q R.
Also we have that
/ |52 — 0 when € — 0. (22)

€

Using (22) in the second equation of (19) follow that

/ |g0§|2 — 1 when € — 0. (23)
Q
Now we show that
/ 0599 — 1, when € — 0. (24)
Q
In fact, we know that
[1vesk < [ 1vesp = (25)
Q Q.
Thus we have
/ V5|2 — 0 when e — 0. (26)
Q
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PATTERNS IN PARABOLIC PROBLEMS 331

Therefore
V5 — 0, when € — 0. (27)

Since H'(f2) is compactly embedded in L?(f2), »$ has a convergent subsequence, that we
write again ¢$§, such that this subsequence converges for ¢. Thus we have

{@5 — ©, strongly in L2(£2) (28)

Vs — 0,  strongly in L?(Q).

Since V is a closed operator we have that

{s@ c H'(Q) (20)
Ve =0.

From (29) and the uniqueness of limit follow that

0 c1, in QF
® 902 {627 in Q(‘?, ( )
where ¢; and co satisfy
1| |+ c2 Q| =0 (31)
(@)?|9F] + ()19 = 1.

From (31) it follows that

0F] 0L |
::l: d ::l: .
T eke) QT[]

Returning to (24) we have

/cpésog = / so§<p3+/ P50
Q ot QF

— c1cd —|—/ 2, when e — 0.
o

QF

The first equation of (31) we see that ¢; and ¢y have opposite signs. We consider ¢; with
negative sign and cy with positive sign. In this case ¢; = ¢{ and ¢ = ¢J. Thus we have

/Q 502 — (D210 + ()| = 1, when € — 0.

If ¢; > 0 and ¢z < 0 the constants ¢ and ¢J have the same signs. Also the last equation
is valid. Therefore (24) is proved.
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Now we show 5 — ¢, when € — 0. In fact,

o5 — 3l2ae = Io5IZa + 62122 — 2 /Q 58
0
< l6§l2aq,, +1 -2 / 58
< 2—2/ P503- (32)
Q
Using (24) and (31) it follows that
o5 — @l 22() — 0, when e — 0. (33)

(#44) From (33) and (26) we conclude that

105 — DSl — 0, when € — 0. (34)

Consider the norm
[ullm20) = [AullL2() + [lull L2 (), © € H*(Q), (35)
that is equivalent to the norm in H?(f2). Since Ag§ = \5¢§ it follows that
1Ap5 [ L2() = [A595]lL2(2) < Ay — 0 when € — 0. (36)
From (36) and (23) there exists a constant C such that

5]l r2(0) < C < 0. (37)

Since the embedding H?(Q)) — H(Q) is compact, ¢§ has a subsequence we denoted
again by ¢§, such that it is converge for ¢ in H'(Q). We also know that the embedding
HY(Q) — L%() is compact and since this limit is unique it follows that ¢ = ¢§. Thus we
have that ¢§ — ¢9 in H2(£2) in the norm given by (35) when € — 0. |

3. REACTION-DIFFUSION PROBLEM

In this section we consider the reaction-diffusion problem (1) with Q. = Q U R, where
R, is given in the section 2.

Without loss generality we will suppose that || = 1.

By theorems 2.1 and 2.2, we intuitively guess that the system (1) can be approximated
by a system of two coupled ordinary differential equations.

Now we determine the limit system for the problem (1). This can be seen in Carvalho
and Cuminato [5] and Carvalho [4].
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First we need understand the eigenvalue problem (5).

Denote by p§ < ps < ps < ... the eigenvalues of problem (5) arranged in increasing
order, counting multiplicity and ¢f, ¢5, ¢5, .... a sequence of orthonormal eigenfunctions
corresponding to the sequence of eigenvalues. Then we have

PROPOSITION 3.1.

pi— 1, whene—0

ui =0,
Hi
us =6, 05 — ¢ when e — 0. (38)

Moreover ps — +00 when € — 0.

Proof. The proof is an immediate consequence of puj = )\%)\;, kE=1,2,..., where Aj,

are eigenvalues of (2). [
Now we consider the following decomposition of u

u = up] + uzps +w,

where w e V+, V = span[pf, 5],

w o= [ (39)
Q.

Uy = / wps, (40)
Qe

W = u—up] — u2ps. (41)

This decomposition induces, in the problem (1), the following decomposition

/f(U)sOiJr/ g(u)es

Qe

Uy = —5U2+/ f(u)es + / g(u)ps (42)

Uy

6 = gt s - s+ [ gl
o / fes+ [ gt

€

S 0w (1] + u2p§ + w)
Agan = glu1pq 22 .

Since the third eigenvalue p§ goes to infinity when € — 0, we guess that w is not
important in the asymptotic behavior (1) and we have

{al ~ Jo. Flures +u203)0f + [o, 9(u10§ + u203) i (43)

iy ~ —0uz + [o Flurp] +u208)9s + [0 9(ure] +u2ps)es.

Publicado pelo ICMC-USP
Sob a supervisdao CPq/ICMC
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Using the convergence of eigenvalues and eigenfunctions we have that limit system should
be

iy = [o flur +u29d) + [50 9(u1 + uzeh) (44)
Uy = —bug + [o f(ur +u209)ps + [0 9(ur + u2ed)el.

which is equivalent to

ay = |QF]f(ur + Quz) + |QF| f (u1 + Suz)
+1098 | g(ur + Auz) + |0QF | g(ur + Sus)

Uy = —bug + |QF|) fur + Jua) + [QF |5 f (ur + Sus)
+109§ g (u1 + Quz) + 109 |99 (ur + Suz),

(45)

where

@]% 0= [%}%
Qf1" e

The variables u; and us may not be the best choice of variables to study this problem.
A better choice is probably a set of variables that reflected the average over Qf and Q.

To relate u; and uy with these averages we consider

o= (i)

&=

u(z)dr and vy = (\QORDil /QR u(x)dx

Qt 0
thus,
{Ul = |Q€|Ul —+ |Q(})%1|1)2 (46)
uz = —(|1F1196]) * (v1 — v2)
and
V1= U1+ c?ug
{v - ! (47)
o= U]+ ColUg.
With the variables (47) the system (45) becomes
L
= —8|QF|(v1 — v2) + flv1) + lféiﬁllg(vl) (48)

do = 3O |(vn — ve) + f(vz) + [l g(va).

Now our aim is to show that the dynamics of (1) can be described by the dynamics of
(48), for this we employ the Invariant Manifold Theory.

INVARIANT MANIFOLDS

Let X and Y be Banach spaces and —A : D(A) C X — X be a sectorial operator such that
Re 0(—A) > 0. Let {T'(t) : t > 0} be an analytic of semigroup of bounded linear operators
generated by A and denote by (—A)* the « fractional power of —A and X := D((—A)%)
be a Banach space endowed with the graphic norm (see [8]).
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DEFINITION 3.1. Let F': X* XY — X, G : X XY — Y be locally Lipschitz continuous
functions and B € L(Y'). A set S C X® xY is an invariant manifold for the differential
equation

{:ic = Az + F(x,y) (49)

y =By +G(z,y),
if there exists o : Y — X% such that S = {(z,y) € X* xY : x = o(y)} and for any
(x0,90) € S, there exists a solution (z(-),y(-)) of (49) on R such that (x(t),y(t)) € S, Vt €

R. An invariant manifold S is said to be exponentially attracting if there are positive
constants v and K such that

Ja(t) — o(y@)lxe < Ke a0 — olyo)llxe,
whenever (x(t),y(t)) is a solution of (49).
Observe that the system (44) can be rewritten as follows
1.1,1 = GB(Ul,’UQ,W)

g = —Oug + G (u1, uz,w) (50)
w = A6W+Fe(ulau27w)7

where
A = 2a
X
B(ul,u2)T = (0, —611/2)T

G (s, uzw) = | flu)gf + / g(w)s
Q 0N

Gy uzw) = | flu)ph+ / o (51)
Q 0N

Fe(ur,ug,w) = f(u) = Golur, ug, w)pi = Gi(ur, ug,w) 95

Putting y = (u1, us) we have
w =Aw+ F.(y,w), (52)
y = By+G(y,w),

where G.(y,w) = (G§(u1, u2,w), G{(u1,uz,w)). Let € > 0 be a positive parameter and
X, be a Banach space and —A, : D(A.) C X, — X, be a sectorial operator. Denote by
(—Ac)®, the « fractional powers of —A, and X& := D((—A.)“), the associated fractional
power spaces.
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LEMA 3.1. (Gronwall’s Inequality) Let ¢, o, 3: [a,b] — RY be continuous func-
tions with B(t) integrable, L > 0 a constant. Assume that

v <)+ I [ " Sels)ds, a<i<b (53)
Then,

W(t) < a(t +L/ B(s)a(s)eld LAWdu g, (54)
Furthermore, if a is decreasing

b
'l/)(t) S a(b)eftb LB(u)du _ / efts Lﬁ(u)dud(s)ds § Oé(t)efts Lﬁ(u)du. (55)

t

In particular if 8(t) = 1 we have that

b
W) < alt) + L /t a(s)e =D ds (56)

and if in addition « is decreasing we have that

b
W(t) < a(b)elt — / el 6 (s)ds < a(t)el Y. (57)
t

Proof. Put R(¢ ft s)ds, differentiate and use (53). |

THEOREM 3.1. Let X, and Y be a Banach spaces, A. be a sectorial operator on X..
Assume that Fe : X& xY — X and G : X& XY — Y are functions satisfying

L||Fe(z,y) — Fe(z, w) ( o+ lly = wlly),
2| Fe(z,y)llx. < Nr,
3.|Ge(@,y) — Ge(z,w)lly < Le(lz = zlxe + ly — wlly),
4Ge(z, y)lly < Ne,

for each (z,y), (z,w) in X& x Y. Assume also that

(5)lle™ A wl|xe < Me™ P lw||xa, t>0,
(6)lle=Atw|xo < Mt~ PO w|x,, t > 0, for any w € X where 3(e) — oo
when € — 0.

and that B € L(Y'). Consider the weakly couple system

{55 = Az + F(z,y), (58)

y = By+Ge(z,y).
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Then, for small enough €, there is an exponentially attracting invariant manifold

Se = {(x’y) LT = US(y)vy S Y}

for (58), where oo : Y — X2 satisfies

s(€) = sup [loe(y) | xe,
yey

loe(y) — oe(2)llxe < Ue)lly — [y,

with s(e), l(e) — when e — 0. If F, G. are smooth; then o. is smooth and its derivative
Do, satisfy

sup || Doc(y)||lLv,xe) < Ue).

yey

COROLLARY 3.1. Let f,g: R — R are functions global Lipschitz, bounded with bounded
derivative. Assume that

lim sup M <0 and limsup M < 0.
U

Then, there exists a exponentially attracting invariant manifold

S ={(u1,uz,w) : w=0oe(ur,u2), (ur,us) € RQ}

for (41). The flow on S is given by u(t, x) = w15 (x) + usps(x) + oc(u1, uz), where (uy,uz)
is the solution of

(59)

U = GB(ULU%U(UJN"@))
Gy = —0ug + GS(uy, ug, 0(ur, us)).

Furthermore, 0. — 0 in C1(V,V1), as € — 0, where V = span [¢5, 5]

Proof. First let us define

Ml = supf(x), Ll :Squ/(x),

z€R z€ER
My = supg(z), Ly =supg'(z).
z€R zeR

We will show that G§ and G are globally Lipschitz continuous bounded functions with
bounded derivative. In fact, if a = u1¢] + u2¢§ + w then,

1G5 (ur, g, w)| = | / Fla)gs + / 9(a)g5] < / Fa)] 165 + / 19(a)] 1]

20, 0. 00,
€ € 1 |aQE
< My | |pi]+ Ma lpi] < Mi(1Q])2 + Ma——
Q. o9, Q2|2

< M,
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where Mf’q = Ml‘Q | +M |6Q |Q | = 1+6n+1|R1| < ll, my = max|ap1| mo = max|<p2|

and [09| < 09| + |0R.| < |8Q| —|—e+ el <y, Also,

|Gi(u17 UQ,(A))‘

IN

IN

|/Q‘ f(a)<p§+/m 9(a)g5| s/@ ()] |<pi|+/m 19(a)] 151

€ € €

Ml/ 5]+ M2/ 1651 < MymalQ| + M ma |09

€ QF

Mimoly + Mamsly = MQf’g.

To obtain the global Lipschitz continuity, let y; = (u1,u2), y2 = (v1,v2), a = u1¢§ +
U5 + w1, b = V1] + V295 + wa, then we have

|G6(ylvw1) -

G (g2 00)| = | / NER /8 lgta) — g(b
< / 1F(a) — FO)] [5] + / l9(a) — g(5)] [5]
< / ()] Ja— ] 15 + /8 g/l I
<

71, T2 € [a,b]. Hence

‘G(e)(ylawl)
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IN

IN

Lo [ la=tllesl+ Lo [ la=b Il
Qe 00

Gy, w)| < L[ s — | / I@il2+IU2—vzl/ﬂ 4] 3]
+/ w1 — wal [p] | + L[|l —Ul|/ |51

Q. 0N
+|uQ—u2|/m | |<P§|+/ jwor — wal |51 ]

€

L[ llyr — willre + llwr — wallr2a.) | + L2 Co(1Q))]ur — vy
+CO1 (1) Juz — va| + Co (1) € " [lwr — wall i1 (a,) ]

L[ lyr = villr + lwr — wall 2o,y |

+L2[Ca(2Dlln = vallee + Ca(|) € wr — wallmrr o) |
Ls(192)) lyr — y2llze + La(IQD)e =" fJwn — wallz1 ()
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where L3(|2) = L1 + L2C5(|Q), C3(|22]) = max{Co(|Q]), C1(I2)}, La(|R2]) = L1 +
LyCo(192]).

1GS (s 1) — Gy, w2)] = | / Yook + /8 lota) — g(ble

/ Fla) — FO)] 15 +/er l9(a) — g0 |5]

/ /()| la—B] 5]+ / 19/(2)] la — ] |5]
Qe

€

Ll/ ja— |@;|+L2/ ja— b |5).
Qe 0

IN

IN

IN

and

1G5 (y1,w1) — Gi(yz,ws)| < Li[|lur — v1] + [ug — va| + |lw1 — wallr2(0.)]
1— 1
Lo[ [ur — v1] + C5(1Q)e " [uz — va| + Ca(|Q)e 2 ||wr — wall 1))

(

Li[ lyr — yillrz + (w1 — wel a1 (a,)]
[
(

IN +

Lo[ [ur — v1] + Ca(|Q)|uz — va| + C5(|Q)e =" o — woll 1 (0]

IN +

(12D ly1 — yillre + Le(1Q)e = lwr — wall (o,

where L5(|Q|) = Ll + Cﬁ(‘QDLQ, CG = max{l,C’4(|Q\)}, L6(|Q|) = L1 + C5(|QDL2 Thus

Ge(wr, y1 FGe(w2, y2)|lrz = [[(Go(wi,y1) — Gowa, y2), G (w1, y1) — G (w2, y2)) [|r2
= |Go(w1,y1) — Go(wa, y2)| + |G (w1, y1) — G (w2, y2)]

and
[Ge(wr, Y1 Ge(wa, y2) [|r2
<L3(19) g1 — y2llre + La(1) € 2 wr — wall (o)
+Ls(12)]ly1 — pallze + Le(1Q)) € = ||w1 —wam(o
<L7(19)) lly1 — yollzz + Ls(|QD)e =" [|lwr — w2||H1(Q )

A\? (52
<Lr(192) Jon — palle + Lo((2)es" (5) () 196 —a)lza
2
Ls(|Q]) 1=n
) o

1
=09 o —enll y

< L.(I0 - +
7(192) llyr — vl Z (90

where Ly = L3(|Q|) + L3(|Q]), Ls = L4(|Q|) + Le(|Q2]). Using (11) we see that the
expression ¢ 2" (X5)2 is bounded uniformly for € in a neighborhood of zero; that is,

ez (\§ )%SCO, e—0
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[Ge(w,y)llrz = [[(Go(w,y), —duz + Gi(w,y))||r2
|Go(w, )| + |G (w, y)]

< M{9 4+ MJ? = Ne.
Also
8 € € €
e Goturuzw)| < [ IF @GP+ [ 190 i
u1 Q. e
S L1 + Lgm%|896| S L1 + LQm%ZQ
a € € € € €
o Goturuzw)| < [ 1F @115+ [ 196) 5] 195
2 Q. 3
< L1+ Ly mymo|0Q| < Ly + Lamymals
a € € €
gsGotu )] < [ 1r@lletl+ [ 190 1]
w Qe 9,
<hf i+ [ 14l
Qe 00
00,
< Ly(0u)h + 1, 2L
o3
Similarly

|aT“Gi(U17U2,W)| < Ly + Lomily

|a—uzGi(u1,uQ,w)| < L1+L2m§lg
’%GS(UhU%w)’ < Lymyly + Lomgls.

Now for the function F, we have

HFG(wlvyl) - Fe(w2a y2)|
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Now

fl(wi,y1)s + (w2, 92)(1 = )

[
(w1, y1)s + (w2, y2)(1 = )5
(w1, 1) + (w2, y2) (1 — 8))¢f ]
w1, Y1) — (w2, y2)]

[(wi,y1) — (w2, y2)]ep}
) () [(wi,91) — (w2, y2)] 5.

E((nu)s+ (am)(1-9) = o

I
~
2
—~
*
S~—
=

~ (@

Replacing this last expression in (60) we have

IFewim) — Felwsm) |x. < / 17(#) [@1,31) — (@2 92)

G5) (%) [(wi,91) — (w2, y2)]es

(G () [(w1,91) = (w2, y2)] @5 M| L2 (02, ds
|F GOl w1y 91) — (w2, 92) |22 (00

I(GH) () w1, y1) — (way y2)ll L2 (e,
(G ()] (w1, 91) — (w2, 92)l L2 ()
Ly flwr = wallr20,) + ly1 — yallre ]

IN + + IA

L[ |lwr = wallz2(00) + 91 — y2lle2 |
L[ |lwy = wallz2(0.) + lly1 — y2llr2 |

+ o+

and therefore

| Fe(wi,y1) — Fe(wa,y2)]

X

< Lllys — wollze + Llwr — w2l a,)
< Lly1 — y2llre + L Vwr — Vws||z2(q,)
< Ll = welle + £ (G} (0¥ V1 = Vanlloca
< Llys — ollre + L (AS)? [lwr — w2l 3
§ X2 (Q)
where [ = Ly + L + I:/, L = max(G§)’, L= max(GS)’. Note that, for n > =, (11)

implies
ﬁ( 5)% <LCye~ 2  —0, quando € — 0.
Finally, we have that

[F O+ 1Go(urs uz, )] 5] + G (ur, ug, )] 45|
My + M{9my + M 9ma = My ).

|Fe(u17 Ug,w)|
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| 1P < vy [0l
2
< Mz gh
| F(u1,uz,w)||L20.) < Nr
where NF = M(ﬁg)\/g.
With this we see that F, and G, satisfy the hipotheses of Theorem 3.1. [ |

THEOREM 3.2. Assume that the system (48) is structurally stable. Then, for small
enough €, the flow on the invariant manifold given by (59) is topologically equivalent to the

flow (48).

Proof. For each € enough small the flow in the two-dimensional subspace V given by
v(t, ) = u1p) + ugl, where (u1,uz) is solution of

{al = G (u1,uz, o (u1, us)) (61)

Uy = —ug + GY(ur, uz, oc(ur, uz)).

Since the application v — u = v+0,(v) is a conjugation between orbits of this flow (61) and
the orbits of (59), we only have to prove that the system (61) is topologically conjugate
to (48). We see that what remains to be proved is that the vector fields

Xe(ur,u2) = (Xo(e),X1(e)) and
Xo(u1,uz) = (X0(0),X1(0)),

where
Xo(e) = / Flur§ + uags + 0w, u2))
Q.

4 / (205 + 4205 + 0 (t, 142) )05
o

€

Xy(e) = —duz + / Fur g5 + s + o ur, u2))s
Qe

+/ g(urp] + uaps + o (ur, uz))ps
o

€

Xo(0) = / Flur + ungl) + / oun + )

3

X1(0) = —5u2+/Q fu +u2¢3)<ﬁg+/m g(u1 + uz¢9) )

are C! closed. This follows easily from the fact that o approaches 0 in the C' topology

and the asymptotic properties of the eigenvalues and eigenfunctions of )%A ase—0. H
2
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~U

P;

FIG. 2. Approximate Phase Portrait: § << 1, g(u) =u —u3, f=0

4. PATTERNS

In this section we to return to the system (48). Now we want obtain the patterns for (1).
For this purpose we consider § sufficiently small, g(u) = u — v® and f(u) = 0. Thus the
system (48) have nine equilibrium points (see Figure 2).

P = (070)’ Py :(Ovl)a Py = (Oa_l)a
Py = (170)7 b5 = (171)a P = (17_1)7
P; = (-1,0), Ps=(-1,1), Py =(—-1,-1).

All theses equilibrium points are hyperbolic. The equilibrium Ps, Ps, Ps, Py are stable.
We have seen that the dynamics of (48) is equivalent to dynamics of (1), the equilibrium
points of the form P = (v, v2) with v1 # vg correspond to stable nonconstant equilibrium
(patterns) for (1). Thus we have two patterns for the system (1). Note that the stable
equilibria P = (v1,v2) with v; = v3 do not correspond to patterns for (1).
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10.

11.
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